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Abstract: There is relatively little information on the mechanical behavior and modeling of palm kernel shell 

ash reinforced Al-Mg-Si composite. Thus, this study investigates the mechanical behavior and modeling of Al-

Mg-Si composite. Hardness, impact strength and modulus of rupture (MOR) of the composite were 

investigated and analyzed using Minitab 16 and Origin software. It was found that the mechanical properties 

of the composite are inconsistent with composition variation. The mathematical and graphical modeling of the 

composite mechanical properties of the composite have been presented. The modeling revealed that aside the 

composition, there are other factors responsible for the mechanical behavior of the composite which were not 

considered in the experimental analysis. Validation of the claim was also made with analysis. The study of the 

interaction between the two compositions on the resultant mechanical properties gave some specific 

compositions with better mechanical properties. However, this study strongly recommends conduction of 

further analysis on other important factors responsible for the mechanical response of the composite. 
 

Keywords: Multi-objective optimization; mechanical properties; preferable probability; grey relational analysis; 

Al-Mg-Si composite 

 

1. Introduction 

Achieving both strength and flexibility in designing materials simultaneously is turning out to be 

progressively challenging. On account of lightweight Al composites, grain refinement utilizing grain 

refinement strategies such as high-pressure torsion, friction stir processing (FSP), and equal, which 

are key examples of plastic deformation strategies, have proved to produce ultrafine-grained (UFG) 

Al-composite with higher strength (Edalati et al., 2012; Li et al., 2018; Sanchez et al., 2021). However, 
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ductility is reduced in the case of coarse-grained Al-composite due to the presence of low 

dislocation and disjointed coalesce, creating accumulating capabilities due to grain particle size and 

dispersion within the composition (Oyedeji et al., 2021a; 2021b; 2021c). The presence of second-

phase particles can significantly increase dislocation accumulation ability and resistance to 

dislocation sliding; therefore, adding some particles to the UFG matrix is one alternative. AA7075 

has been cryogenically rolled (Kazemi-Navaee et al., 2021), age-hardenable AA6063 (Engler, 2022), 

AA6082 alloys (Rakhmonov et al., 2021), and in other cases, nano-particles have been used to 

reinforced Al composites (Chakravarthy et al., 2020). All of these methods are some of the ways 

that the addition of second-phase particles has helped improve the strength and flexibility of Al-

composite based on literature. 

Aluminium is the third most plentiful element on the planet (Chaudhary & Tak, 2022). It has 

fundamentally supplanted ferrous components in the scope of uses because of its remarkable 

properties, which include low density that is responsible for its lightweight and resistance to 

corrosion as a result of its passivation characteristics. However, there are some disadvantages when 

Aluminum is used alone for some industrial applications (Kulekci, 2008; Sharma et al., 2021). To 

fix and combat defects/imperfections/irregularities in pure aluminium, the combinations of the 

pure Al with other materials leading to the formation of another material known as Al-composite 

was found. An example of the Al-composite is the Al-Metallic Matrix Composite (MMC). An MMC 

is an intensified material made by joining two distinct parts to make a reinforced material. The 

constant material where the reinforcing material is consolidated, be it in the form of particles, 

textiles, or whiskers, is alluded to as the matrix of the MMC (Chou et al., 1985). Furthermore, the 

reinforcing material can also be in the form of continuous or discontinuous particles. The term 

"hybrid metal matrix composite" (HMMC) refers to a material that contains more than one 

reinforcing element in addition to the matrix. MMCs assume a significant part in our day to day 

routines as materials that are mostly in use are made from MMCs. Some of the examples of 

reinforcing materials used in MMCs to develop mechanical structures are tungsten carbides, 

metallic binders, graphites, among others. When a typical material fails to fulfill the proper 

standards or specifications, it is usually used. The needed attribute to be reached with a base metal 

determines the metal matrix's reinforcement. MMCs in the form of Particulate Metal Matrix 

Composites (PMMCs) are a type of MMC (Kordijazi et al., 2021; Miracle, 2005).  

Scholars have used the Grey Relational Analysis (GRA) model to achieve optimum parameters 

in the production of optimized materials with superior mechanical properties for engineering 

applications such as aircraft, automobiles, and chemical plants, among others. For instance, Pandya 

and Rathod (2020) used the GRA and were able to find the ideal composition of agricultural 

reinforcement materials to build polymer-matrix composites with good mechanical properties. 

Sumesh and Kanthavel (2020) produced optimum parameters for agricultural reinforcing materials, 

using the GRA approach and an artificial neural network. GRA has also been employed to optimize 

mechanical properties (Reddy & Chalamalasetti, 2021; Soorya Prakash et al., 2020). Thus, studies 

confirm the suitability of the GRA model for optimization problems (Yin, 2013). 

The current study aims to learn about the mechanical behavior of Al-Mg-Si metal matrix 

reinforced by palm kernel shell ash (PKSA) produced through powder metallurgy using the GRA. 

and statistical analysis. GRA was used to determine the ideal percentage weight composition of 

PKSA that gives the best mechanical qualities to obtain the best quality features. Section 1 contains 

the study's introduction and general background knowledge, section 2 contains materials and 

methods as they relate to this study, section 3 considers the study's experimental design, section 4 

contains the experimental study's results and their discussions, and section 5 concluded the study. 

2. Materials and methods 

2.1 Materials and production 

A palm oil processing plant in Nigeria, which is one of the major producers of oil palm, provided 

fresh palm kernel shells (Oyedeji et al., 2021a; Oyedeji et al., 2020). The fundamental Aluminum 
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6066 composite source was obtained from Shanghai Worldyang Chemical Co., Ltd., China, and 

comprised of unadulterated aluminum, manganese, silicon, chromium, magnesium, and copper 

powder. To act as reinforcement for the created aluminum matrix, the palm kernel shells were 

burned into ash. Details of the fabrication that took place between January 2020 and January 2021 

exist in previous studies (Oyedeji et al., 2022). 

To optimize mechanical properties based on the influence of PKSA reinforcement, the grey 

relational approach was utilized, which assessed performance attributes and normalized them from 

zero to one. This technique is known as grey relational generation. Using the normalized data, the 

grey relational coefficient was calculated. The Grey relational grade was then calculated by 

averaging the grey relational coefficients. The grey relationship grade determines the full response. 

A multi-response optimization problem is reduced to a single-response optimization problem using 

this strategy. The grey relational grade is the objective function (Ramu et al., 2018). 

2.2 Mechanical Testing 

2.2.1 Hardness:   According to the ASTM E18-79 standard, the hardness of the composite was 

determined using the Rockwell hardness method with a force of 10 kgf. 

2.2.2 Impact strength:   The samples for the impact test were developed based on standard ISO-8256. 

Izod impact is a single point test that estimates material's resistance to impact from a pendulum. 

In this study, the Ceast Lot – Resil Impactor with Ceast NotchVIS was used. This test was carried 

out under standard conditions of relative air humidity and temperature of 50% and 23 oC 

respectively. 

2.2.3 Modulus of rupture:   The flexural strength test was performed by utilizing a Motorized 

Automatic Recording Tensometer. According to the ASTM D7028-07-201 standard, the samples 

were prepared, while the autographic recording drum of the machine was wrapped with the test 

graph sheet to record the readings of the test.  

3. Experimental design 

A palm oil processing plant in Nigeria, which is one of the major producers of oil palm, provided 

fresh palm kernel shells The experiments are based on regression analysis, probability, and analysis 

of variance (ANOVA), with 11 experimental observations listed in Table 1. 

3.1 Statistical analysis 

The experimental mechanical properties were analyzed using regression analysis, analysis of 

variance (ANOVA), and interaction analysis with the help of Minitab (Version 16.1, Minitab Inc.) 

and Origin (Version 2020, OriginLab) software after the mechanical properties of the developed 

composites were evaluated. The percentage fluctuation in mechanical characteristics and the 

Table 1. The experimental data 

Experiment no. PKSA Al-Mg-Si MOR (MPa) Impact Strength (J) Hardness 

1 0 100 50.4 0.123 63.3 

2 2.034 97.874 59.51 0.126 73 

3 4.451 96.023 64.91 0.138 93 

4 6.0323 93.9677 69.25 0.433 91 

5 8.3902 82.7341 68.28 0.077 88 

6 9.989 90.8879 56.32 0.138 91 

7 12.781 88.0023 58.3 0.066 90.6 

8 13.985 86.8745 64.84 0.111 73 

9 15.997 83.9978 63.71 0.3 89 

10 18.453 82.2348 56.81 0.21 82 

11 20.0842 79.8765 60.07 0.013 0 
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descriptive statistical analysis of PKSA reinforcement on Al-Mg-Si alloy were computed in the 

study of Oyedeji et al. (2021c). 

3.2 Grey relational analysis 

Grey relational analysis is a popular method for determining the degree of link between 

sequences based on the grey relational grade. In recent times, some researchers have utilized GRA 

optimization method to optimize input parameters resulting in outputs responses based on the 

Grey relational grade (GRG). GRA is usually used to incorporate all of the desired performance 

qualities that are being examined into a solitary number that can be utilized as the single quality 

optimized conditions (Abifarin et al., 2021; Ramu et al., 2018). Based on the form of values for each 

of the output responses, normalization of optimization responses can be classified into three types. 

They are the 'the smaller the better', the 'nominal the better', and the 'higher the better' values 

(Girish et al., 2019). 

For this study, the high values for MOR, Impact Strength and Hardness are desirable for overall 

mechanical properties of the composite. Hence, 'higher the better' normalization criteria of Grey 

relational analysis (GRA) was utilized in the experimental step to generate grey grades and establish 

the response between zero and one. The grey relational coefficient (GRC) was calculated using the 

set data to illustrate how near the expected response is to the actual response. A grey relational 

grade (GRG) represents the overall evaluation of all the individual performance parameters, which 

is produced by averaging GRCs of all the performance parameters for each sample treatment 

(Abifarin et al., 2021; Ramu et al., 2018). Optimizing a single grey relational grade, for example, 

entails balancing a complex set of various performance criteria, with the highest grey relational 

grade-level serving as the ideal level of this process parameter (Abifarin et al., 2021). 

Equation 1 is the linear data preprocessing approach used in this work for the mechanical 

properties of the investigated composite, and the larger the criteria, the better.  

𝑥𝑖(𝑘) =
𝑦𝑖(𝑘) − min 𝑦𝑖(𝑘)

𝑚𝑎𝑥 𝑦𝑖(𝑘) − min 𝑦𝑖(𝑘)
 (1) 

where 𝑥𝑖(𝑘) is the preprocessed data, min 𝑦𝑖(𝑘) is the lowest 𝑦𝑖(𝑘) response estimation, kth, and 

max 𝑦𝑖(𝑘) is the greatest 𝑦𝑖(𝑘) response estimation, kth. The preprocessed data (grey relational 

generation sequences) from the experimental runs of the investigated composites are shown in 

Table 2. 

Deng's grey relational analysis model was built to show the degree of grey relationship between 

two sequences [𝑥𝑜(𝑘)and 𝑥𝑖(𝑘), i= 1, 2, 3, 4; k= 1, 2 & 3]. The grey relational coefficient (GRC) is 

given by 

       𝜉𝑖(𝑘) =
Δ𝑚𝑖𝑛 + 𝜁Δ𝑚𝑎𝑥

Δ𝑜𝑖(𝑘) + 𝜁Δ𝑚𝑎𝑥

 (2) 

where the deviation sequence is, 

 
Table 2. The preprocessed observation data 

Experiment no. MOR (MPa) Impact Strength (J) Hardness  

1 0 0.261905 0.680645 

2 0.483289 0.269048 0.784946 

3 0.769761 0.297619 1 

4 1 1 0.978495 

5 0.948541 0.152381 0.946237 

6 0.314058 0.297619 0.978495 

7 0.419098 0.12619 0.974194 

8 0.766048 0.233333 0.784946 

9 0.706101 0.683333 0.956989 

10 0.340053 0.469048 0.88172 

11 0.512997 0 0 
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Δ𝑜𝑖(𝑘) =∥ 𝑥𝑜(𝑘) − 𝑥𝑖(𝑘) ∥ (3) 

Δ𝑜𝑖(𝑘)  denotes the difference in absolute value between 𝑥𝑜(𝑘)  and 𝑥𝑖(𝑘) , 𝑥𝑜(𝑘)  and 

𝑥𝑖(𝑘)denote the reference and similarity arrangements, respectively, and ζ is the differentiating 

coefficient (0∼1), which is generally allocated an equal weight of 0.5 to each parameter (Abifarin et 

al., 2021). The base of every reaction variable, as well as the majority of variations, are referred to 

as Δmin and Δmax. Table 3 presents the deviation sequence of the data in the experimental runs 

of the analyzed composites. The grey relationship coefficient (GRC), grey relational grade (GRG), 

and ranking are shown in Table 4 in which GRA was used to establish the GRG, and the respective 

value for each experiment number, ranking was carried out for the GRGs. 

3.3 Probability-based multi-objective analysis 

For aerospace applications, as previously stated in the GRA analysis, a considerable value of the 

mechanical qualities of the metallic composite is necessary; thus, the beneficial utility index 

technique was applied. In the computation, the index characteristic indicator contributes a linearly 

positive contribution to the partial preference probability (Ramu et al., 2018). Using Equation 4 and 

Equation 5, important parameters that relates to the partial probability index (denoted as Pij) and 

the normalized factor of the jth utility index (denoted as ∎j) were obtained to compute the 

performance characteristic indicator of the models. 

𝑃𝑖𝑗 = ∎𝑖𝑗𝑥𝑖𝑗 ;  𝑖 = 1, 2, … , 𝑛; 𝑗 = 1,2, … , 𝑚 (4) 

∎𝑗 = 1 (𝑛�̅�𝑗)⁄  (5) 

 

Note that n and m are the sample number and utility indices of each sample respectively as it 

relate to this study, xij is the jth sample's characteristic performance beneficial utility index 

measurement, and xj is the value of the sample characteristic performance indicator's arithmetic 

mean utility index. 

Table 3. The deviation sequence observation data 

Experiment no. MOR (MPa) Impact Strength (J) Hardness 

1 1 0.738095 0.319355 

2 0.516711 0.730952 0.215054 

3 0.230239 0.702381 0 

4 0 0 0.021505 

5 0.051459 0.847619 0.053763 

6 0.685942 0.702381 0.021505 

7 0.580902 0.87381 0.025806 

8 0.233952 0.766667 0.215054 

9 0.293899 0.316667 0.043011 

10 0.659947 0.530952 0.11828 

11 0.487003 1 1 

Table 4. Grey relational coefficients, grades and ranks 

Experiment no. MOR (MPa) Impact Strength (J) Hardness  Samples GRG Rank 

1 0.333333 0.403846 0.610236 C1 0.449139 10 

2 0.491782 0.40619 0.699248 C2 0.532407 9 

3 0.684708 0.415842 1 C3 0.700183 4 

4 1 1 0.958763 C4 0.986254 1 

5 0.906686 0.371025 0.902913 C5 0.726874 2 

6 0.421606 0.415842 0.958763 C6 0.598737 5 

7 0.462577 0.363951 0.95092 C7 0.592483 6 

8 0.681243 0.394737 0.699248 C8 0.591743 7 

9 0.629803 0.612245 0.920792 C9 0.720947 3 

10 0.431054 0.484988 0.808696 C10 0.574913 8 

11 0.506584 0.333333 0.333333 C11 0.391084 11 
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Finally, the analysis' decisive preferred probability is calculated as the product of each candidate 

sample's partial preferable probability. During the ranking process, the candidate sample with the 

best performance characteristics is also determined. The composites' preferred probability 

optimization and ranking are shown in Table 5. 

4. Results and discussion 

4.1 Micro hardness analysis 

The experimental hardness of the various samples with different compositions are displayed in 

Table 6. The results revealed an inconsistent pattern as the compositions change. The mathematical 

modeling of the experimental hardness is shown in Equation 6 using regression analysis. The 

experimental hardness and the modeled hardness are also displayed in Figure 1. The figure revealed 

that the modeled hardness is inconsistent with its corresponding experimental result.  

𝐻𝑎𝑟𝑑𝑛𝑒𝑠𝑠 = 135 −  1.85 PKSA −  0.46 Al − Mg − Si (6) 

The modeled hardness revealed the fitness of the experimental design. This shows that there are 

some factors that influenced the experimental hardness results obtained. The inconsistency is 

further supported by the analysis of variance (ANOVA) of the data as shown in Table 7. The table 

showed that the residual error was 63.5% as compared to the modeled data. The implication is that 

lots of errors or some factors have not been accounted for and this could be responsible to the 

hardness data of the composite. This means that a substantive conclusion cannot be drawn on the 

behavioral pattern of the hardness of the composite as the compositions vary. Hence, it is 

recommended in this study that other factors that may be responsible for hardness of the fabricated 

composite should be investigated. 

It is important to understand the behavior of the resultant hardness value, relative to the 

interaction between Al-Mg-Si and PKSA. The results showed that barely from 82-96% Al-Mg-Si 

mixed with 6-11% of PKSA will give relatively higher hardness value compared to other 

Table 5. Preferable probability optimization 

Experiment no. MOR (MPa) Impact Strength (J) Hardness Pt*1000 Rank 

1 0.074955 0.070893 0.075908 0.403365 9 

2 0.088504 0.072622 0.08754 0.562655 6 

3 0.096535 0.079539 0.111524 0.856313 4 

4 0.102989 0.249568 0.109126 2.804839 1 

5 0.101547 0.04438 0.105528 0.475582 8 

6 0.08376 0.079539 0.109126 0.727013 5 

7 0.086704 0.03804 0.108646 0.358344 10 

8 0.096431 0.063977 0.08754 0.540067 7 

9 0.09475 0.172911 0.106727 1.748549 2 

10 0.084488 0.121037 0.098333 1.00558 3 

11 0.089337 0.007493 0 0 11 

Table 6. Experimental hardness data 

Experiment no. PKSA Al-Mg-Si Hardness 

1 0 100 63.3 

2 2.034 97.874 73 

3 4.451 96.023 93 

4 6.0323 93.9677 91 

5 8.3902 82.7341 88 

6 9.989 90.8879 91 

7 12.781 88.0023 90.6 

8 13.985 86.8745 73 

9 15.997 83.9978 89 

10 18.453 82.2348 82 

11 20.0842 79.8765 0 
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compositions. Also, it is seen that 82-84% Al-Mg-Si mixed with 12-18% give a relatively higher 

hardness value. In addition, to the findings made above, in some instances a particular hardness 

value is desired for a particular application. Thus, these interactions are shown in Figure 2 with the 

specific compositions required for some specific hardness value. 

4.2 Impact strength analysis 

Similar to hardness analysis, the experimental impact strength of the Al-Mg-Si-PKSA 

composites are presented in Table 8. It is noted that there is a gradient in impact strength of the 

composite as the composition varies. The mathematical modeling of the experimental impact 

strength is shown in Equation 7 obtained with the help of regression analysis. The experimental 

and the modeled impact strength are as shown in Figure 3. It is shown that the model impact 

strength does not follow the pattern of that of the experimental. 

Impact Strength (J)  =  − 0.67 +  0.0062 PKSA +  0.0086 Al − Mg − Si (7) 

The modeling revealed the unreliability of the repeatability of the experiment. The results 

showed that there are some factors responsible for the curation of the experimental impact strength 

of the composite that have been accounted for. ANOVA analysis (Table 9) further supports the 

inconsistency observed from the modeling. In the case of the contribution of the unaccounted 

factors on the experimental impact strength, the analysis revealed significant contribution of 81.7%. 

This is a pronounced contribution, which shows the necessity of further investigation of probable 

factors that may be responsible on the impact strength of the composite. These findings also 

showed that substantial conclusion cannot be drawn on the effect of the composition on the impact 

strength of the composite. 

Figure 4 shows the interaction between Al-Mg-Si and PKSA relative to the resultant 

experimental impact strength. The results revealed that 92-95% Al-Mg-Si mixed with 4.5-6.5% of 

PKSA will give a relatively higher impact strength compared to other compositions. The presented 

interaction plot also highlights different compositions of Al-Mg-Si and PKSA with different 

resultant impact strength. 

Table 7. Analysis of Variance for Hardness 

Source DF SS MS % of Contribution 

Modeled data 2 911.5 455.7 36.5 

Residual Error 8 6344.6 793.1 63.5 

Total 10 7256.0 1248.8 100 

Table 8. Experimental impact strength 

Experiment no. PKSA Al-Mg-Si Impact Strength (J) 

1 0 100 0.123 

2 2.034 97.874 0.126 

3 4.451 96.023 0.138 

4 6.0323 93.9677 0.433 

5 8.3902 82.7341 0.077 

6 9.989 90.8879 0.138 

7 12.781 88.0023 0.066 

8 13.985 86.8745 0.111 

9 15.997 83.9978 0.3 

10 18.453 82.2348 0.21 

11 20.0842 79.8765 0.013 

Table 9. Analysis of variance for impact strength 

Source DF SS MS % of Contribution 

Regression 2 0.00741 0.00371 18.3 

Residual Error 8 0.13239 0.01655 81.7 

Total 10 0.1398 0.02026  
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4.3 Modulus of rupture (MOR) analysis 

The experimental MOR of the Al-Mg-Si-PKSA composites are presented in Table 10 as also 

done in the previously discussed mechanical properties. The result also showed variation in MOR 

of the composite as the composition changes. The mathematical modeling of the experimental 

MOR is displayed in Equation 8 obtained with the help of regression analysis. The experimental 

and the modeled impact strength are presented in Figure 5 and this modeling also revealed that the 

experimental design does not fit wonderfully. 

MOR =  149 −  0.775 PKSA −  0.894 Al − Mg − Si (8) 

 

  

Fig 1. Experimental and Modeled Hardness Fig 2. Interaction Plot for Hardness 

 
 

Fig 3. Experimental and Modeled Impact Strength Fig 4. Interaction Plot for Impact Strength 

 
 

Fig 5. Experimental and Modeled MOR Fig 6. Interaction Plot for MOR 
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Table 10. Experimental MOR 

Experiment no. PKSA Al-Mg-Si MOR 

1 0 100 50.4 

2 2.034 97.874 59.51 

3 4.451 96.023 64.91 

4 6.0323 93.9677 69.25 

5 8.3902 82.7341 68.28 

6 9.989 90.8879 56.32 

7 12.781 88.0023 58.3 

8 13.985 86.8745 64.84 

9 15.997 83.9978 63.71 

10 18.453 82.2348 56.81 

11 20.0842 79.8765 60.07 

Table 11. Analysis of Variance for MOR 

Source DF SS MS % of Contribution 

Regression 2 64.15 32.07 50.02 

Residual Error 8 256.31 32.04 49.98 

Total 10 320.45 64.11  

 

The modeling of MOR presented in Figure 5 showed a better fitness of the experiment as 

compared hardness and impact strength of the composite. However, it is important to note that 

the residual errors contributed significantly on MOR of the composite. The ANOVA analysis in 

Table 11 gave a quantitative contribution of the residual error to be 49.98%. As it is recommended 

in other mechanical properties analysis, further study should be conducted on essential factors 

responsible on the mechanical properties of Al-Mg-Si composite. 

The interaction plot of the compositions showing their corresponding MOR is shown in Figure 

6. The results showed an L curve pattern of the composition that gave better with the red color. 

The presented interaction plot also highlights different compositions of Al-Mg-Si and PKSA with 

different resultant MOR. 

5. Conclusion 

Mechanical analysis and modeling of Al-Mg-Si-PKSA composite have been successfully done in 

this study. It was found that the mechanical properties of the composite are inconsistent with 

variation in the composition. The mathematical and graphical modeling of the mechanical 

properties of the composite have been presented. The modeling revealed that the experimental 

mechanical properties are influenced by some external factors that were not considered in this 

study. Analysis of variance further substantiate the modeling with quantitative analysis. The 

interaction study of the analyzed mechanical properties showed a broader view of different 

combination of the compositions with their resultant mechanical properties. It also showed some 

specific compositions that could result to better mechanical properties. It is strongly recommended 

that further analysis should be conducted on other essential factors that may be responsible on the 

mechanical properties of the composite.  
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Appendix: Nomenclature 
  
Symbol Description 
FSP Friction stir processing 
UFG Ultrafine-grained 
MMC Metal Matrix Composite 
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HMMC Hybrid Metal Matrix Composite 
PMMCs Particulate Metal Matrix Composites 
GRA Grey Relational Analysis 
PKSA Palm Kernel Shell Ash 
ASTM American Society for Testing and Materials 
ISO International Organization for Standardization 
m Meters 
s Seconds 
mm Millimetre 
oC Degree Celsius 
ANOVA Analysis of Variance 
MPa Mega-Palsca 
MOR Modulus of Rupture 
J Joules 
xi(k) Preprocessed data/similarity arrangements 
Xo(k) Reference arrangements 
yi(k) Response estimation 

Δ𝑜𝑖(𝑘) Difference in absolute value between xo(k) and xi(k) 

𝜁 Distinguishing coefficient of Deng's GRA model 

Δmin , Δmax The base of every reaction variable 
GRC Grey Relationship Coefficient 
GRG Grey Relational Grade 
Pij Partial positive probability index 

∎j Normalized factor 

jth utility index of the performance characteristic indicator 
xij jth beneficial utility index of the sample's characteristic performance measurement 
n Number of samples in the study 
m Number of utility indices for each sample involved 
xj Sample characteristics performance indicator's arithmetic mean utility index 
DF Degree of Freedom 
SS Sum of Squares 
MS Mean Squares 
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